Abstract. We consider the adiabatic plane Couette-Poiseuille flow of a viscous incompressible fluid between two parallel planes driven by the shearing of the upper plane and a pressure gradient. The viscosity is assumed to depend on the temperature in an appropriate way to insure that every classical solution of the governing equations is asymptotically attracted by the steady Couette-Poiseuille flow profile with the temperature increasing unlimitedly. The proof is based on a priori estimates, obtained by the help of certain identities for solutions of the governing equations.
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1. Consider an incompressible Newtonian viscous fluid in the region between two parallel rigid plates located at x -0 and jc = 1. If, perpendicularly to the x direction, the upper plate moves with velocity V and a pressure gradient -P > 0 is applied, the resulting flow is usually named (plane) Couette-Poiseuille.
Assuming that the viscosity of the fluid depends on its temperature and that the flow is adiabatic (i.e., no thermal diffusion), we are interested in determining the asymptotic behavior of the velocity v, shear stress o and temperature 6 of the fluid. Actually, these fields are coupled in a system of a parabolic and a hyperbolic partial differential equation governing the flow. So, the asymptotic behavior of the solutions depends on the outcome of the competition between the stabilizing effect of parabolicity and the destabilizing effect of hyperbolicity.
Indeed, the evolution of v,o, and 6 is ruled by the following momentum and energy balances (cf. The above system is accompanied with the following boundary and initial conditions
As energy is constantly pumped into the fluid (by the boundary shearing and the pressure gradient) and the flow is adiabatic, the temperature will keep rising and asymptotically 9 -* oo. Then the viscosity will approach the constant asymptotic value ~fi and it is reasonable to expect that v will asymptotically approach the steady solution of (1.1), (1.5) with \.i = Jl, which has the following profile v =-x(l -x) + Vx.
(1.7)
In fact, in our next main result, we verify this conjecture (under the condition 0 < y < i), thus, establishing that the steady Couette-Poiseuille flow (1.7) is the unique asymptotically stable solution of the system (1.1), (1.2), (1.5), (1.6). vt(x,t) = 0(r'~l), (l.io) 6(x,t) = 0(t).
(1.11)
The case P = 0, V -1 (i.e., plane Couette flow) was treated in [2] for ~jJ = 0 and in [3] for general n(9).
2. Proof of theorem. Let us assume that v(x,t), 9(x,t) is a solution of (1.1), (1.2), (1.5), (1.6) on [0, 1] x [0, oo) such that v,vx,vt,vxx,9, 9X G C([0, oo); L2(0, 1)), vxt e C((0, oo); L2(0, l))andw" 6 L,2OC((0, oo); L2(0, 1)). Then we proceed to establish a priori estimates, which will lead to the proof of the theorem. In what follows, K will stand for a generic positive constant, which can be estimated from above solely in terms of Ji, y, P, V, and the norms of Vq, 90.
We rewrite (1.1), (1.2) as v, = ((/Z + 9~y)vx)x + P, (2.1) 9, = (jl + 9~y)vl (2.2) Multiplying (2.2) by fi(9) (given in (1.4)) we can easily deduce that 9 is increasing in / and K'i < n < K, 0<x<\, 0 < / < oo. (2.7)
Integrating (2.7) over [0, t] and using (2.5), (2.6), and the Cauchy-Schwarz inequality, we obtain the following a priori estimate for 9 K~]t <9 <Kt, 0 < x < 1, 1 < t < oo, (2.8) which shows (1.11).
Our next step is to evaluate ||w,||. For this purpose, first we differentiate (2.1) with respect to t to get vtt = (jJ-Vxt ~ yd~y-xnvl)x. Jo Jo Jo Jo which yields, in combination with (2.14), (2.13), (2.8), and (2.3),
